The electrons forming a Cooper pair in a superconductor can be spatially separated preserving their spin entanglement by means of quantum dots coupled to both the superconductor and independent normal leads. We investigate the thermoelectric properties of such a Cooper pair splitter and demonstrate that cooling of a reservoir is an indication of non-local correlations induced by the entangled electron pairs. Therefore, a Cooper pair splitter device becomes an entanglementinduced quantum thermal machine with optimal coefficient of performance within experimental reach. Moreover, we show that the Cooper pair splitter can be operated as a Carnot-efficient nonlocal thermoelectric heat engine. As such, our work introduces an experimentally accessible heat engine and a refrigerator driven by entangled electron pairs in which the role of quantum correlations can be tested.
The electrons forming a Cooper pair in a superconductor can be spatially separated preserving their spin entanglement by means of quantum dots coupled to both the superconductor and independent normal leads. We investigate the thermoelectric properties of such a Cooper pair splitter and demonstrate that cooling of a reservoir is an indication of non-local correlations induced by the entangled electron pairs. Therefore, a Cooper pair splitter device becomes an entanglementinduced quantum thermal machine with optimal coefficient of performance within experimental reach. Moreover, we show that the Cooper pair splitter can be operated as a Carnot-efficient nonlocal thermoelectric heat engine. As such, our work introduces an experimentally accessible heat engine and a refrigerator driven by entangled electron pairs in which the role of quantum correlations can be tested.
Introduction.-Hybrid nanostructures with superconducting or normal electrodes connected by quantum wires provide a unique playground to test the interplay between transport and electron correlations 1 . Among this type of devices, Cooper pair splitters have received special attention due to their potential use as a source of non-locally entangled electron pairs [2] [3] [4] . A typical device consists of a central superconducting lead coupled to two normal ones through quantum dots, a geometry which has been successfully implemented using semiconducting nanowires [5] [6] [7] [8] , carbon nanotubes 9,10 or graphene 11 . In this setup the Coulomb repulsion in the quantum dots forces the incoming electron pairs from the superconductor to separate into different normal electrodes, while local Andreev processes in which the two electrons from the pair are transferred to the same normal lead are strongly suppressed 2 . The Cooper pair splitting (CPS) process can be viewed as the time reverse of a crossed Andreev reflection in which an incoming electron from a given normal lead is reflected as a hole in the opposite lead 12, 13 . Positive correlation between the currents through the two normal contacts has been presented as a signature of the splitting process 5,9,10 .
While conventional transport measurements, including noise correlations [14] [15] [16] , could allow for a complete characterization of the underlying microscopic processes 17 and eventually entanglement detection 18 , the study of the thermal properties of Cooper pair splitters could provide another perspective to the problem which has not yet been explored, with the exception of thermoelectricallyinduced CPS 19 . It should be noticed that these setups could have their own interest as a multiterminal thermoelectric device in which heat and charge currents separation could be achieved 27, 28 . However, in the present work we rather focus on thermoelectric properties which may appear as signatures of the presence of Cooper pair splitting. In particular we show that, by virtue of these quantum correlated processes, heat can flow from a cold normal lead to a hotter one. This mechanism is different from that used in systems based on Peltier cooling 20 or heat drag 21 , and from absorption refrigerators [22] [23] [24] [25] or heat pumps 26 , since no voltage bias is applied between the two leads, and energy is conserved.
The basic idea is illustrated in Figs. 1(a-c). There are two basic processes which can contribute to transport when bias voltage and temperatures are much smaller than the dot charging energies and the superconducting gap: the already described CPS processes ( Fig. 1(a) ) and elastic cotunneling (EC) processes in which an electron is transferred between the normal leads without changing the charge of the superconductor ( Fig. 1(b) ). Let us consider the situation depicted in Fig. 1(c) in which the left electrode temperature is larger than the right one (T L >T R ) but their chemical potentials are equal (µ L =µ R ) and below the chemical potential of the superconductor (µ S >µ L,R ). Then, if the dot levels ε L,R are tuned to be opposite and ε R <µ R , the CPS processes inject electrons below the Fermi energy in the right lead (and over it in the left one), hence contributing to cooling the right and heating the left lead. As shown in Fig. 1(d) , and as we discuss in detail below, although EC tends to destroy this effect, it remains robust for a broad range of parameters.
Model.-We consider a quantum dot based Cooper splitter: two quantum dots serve as the links between a superconductor and two normal leads, as sketched in Fig. 1 . We assume that the superconducting gap ∆ is the largest energy scale in the system, and local Coulomb interactions U 0 are also large so that double occupancy of a single dot is neglected (typical experiments [5] [6] [7] 10 are performed at T ∼ 20 − 50 mK, with ∆ ∼ 100−200 µeV and U 0 > 1 meV). Thus our model Hamiltonian of the system can be written as:
wheren l is the occupation operator of quantum dot l, U is the interdot Coulomb interaction,Ĥ leads andĤ tun describe the normal leads and the lead-dot coupling, and
is the effective Hamiltonian resulting from integrating out the superconducting lead 4, [29] [30] [31] [32] [33] [34] [35] [36] . It describes CPS and EC processes involving both dots and the superconductor.
The CPS and EC terms hybridize the even-parity, |00 and |S = 1 √ 2
(|↑↓ − |↓↑ ), and the odd-parity states, |σ0 and |0σ , respectively:
with N α± fixed by normalization and (eigen)energies
where
As we consider no magnetic field, they do not depend on spin.
On top of these, we need to consider the triplet states
(|↑↓ +|↓↑ ), |T + = |↑↑ , and |T − = |↓↓ , all of them with energy E T = ε 1 + ε 2 + U .
We consider the weak-coupling regime, such that the coupling to the leads can be incorporated to lowest order in perturbation theory. This is characterized by tunneling rates Γ L , Γ R τ α , k B T l . They introduce transition rates between quantum dot states given by:
Note that since the even parity states do not have a well defined number of particles, transitions between the even and odd states can be due to either electron or hole tunneling events.
The charge and heat currents in the normal leads are written as I l = I l [c l± ], and J l = I l [h l± ], where:
c l± =±e, h l± =E ji ±eV l , and E ji =E j −E i . They depend on the stationary occupation of the different states, p i , which is obtained from the master equation:
A crucial aspect in this device is that the coupling to the superconductor conserves energy in the normal subsystem:
but not number of particles, i.e. I L + I R = 0, in general. CPS cooling.-Let us analyze the cooling effect with a simple configuration that can be analytically solved. We consider the case with antisymmetric energy levels ε ≡ ε 1 = −ε 2 where CPS is most effective. For simplicity, we first restrict to the case τ EC = 0, such that the odd states do not hybridize. In the region with
R and eV L = eV R = eV < 0, transport is dominated by the states |e, − and |0, σ . This is the configuration sketched in Fig. 1(c) and marked by a green arrow in Fig. 2(a) . The opposite configuration with ε < 0, eV > 0 can be treated equivalently. Only three transitions are then relevant: starting from the doubly occupied state, one electron can tunnel to the left lead with a rate γ
, and the remaining one tunnels to the right one with γ
, where x ± = Ω e− − ε ± eV and 2Ω e− ≡ U 2 +4|τ CPS | 2 − U . Then, the initial state is restored by the splitting of a Cooper pair. Other charge fluctuations may occur with rates γ
Solving the master equation for the occupation of these two states, one arrives to the heat currents
and J L = −(x + /x − )J R . Note that transitions in the left and right barriers occur at different energies split by y + − x − = 2eV . For Ω e− −ε < eV < ε−Ω e− , heat is extracted from the right terminal (J R >0) and is absorbed by the left one (J L >0). Hence, if T L >T R , heat flows from the cold to the hot terminal in this regime. In contrast to other quantum dot based refrigerators, this is not due to a voltage gradient between the two terminals, nor due to energy exchange with an additional thermal bath 25, 37 . One can also easily check that the charge currents fulfill I L = I R = (e/x − )J R . They have the same sign, as −0.5 0 (a)
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eV expected for CPS processes. This is known as the tight coupling limit, at which thermoelectric processes attain high efficiencies 40 , as will be discussed later. The cooling power of the system is shown in Figs. 2(ac) . We can distinguish two regions where cooling occurs, depending on the relative value of |ε| and Ω e− . The case for |ε| > Ω e− can be understood in terms of the analytical model presented in the previous paragraph. Two different branches for positive and negative ε (which are split by an energy given by 2Ω e− , at V = 0) differ on the involved single-electron states: |σ, 0 , and |0, σ , respectively. In this regime, CPS cooling is robust against the contribution of EC processes, cf. Fig. 2(c) . It also survives for relatively high temperature gradients. This is not the case for the region |ε| < Ω e− , where the cooling effect is very sensitive to undesired processes and J R becomes easily negative, cf . Fig 2(b) . Note also that for eV > 0 heat currents are suppressed due to the occupation of the triplet states, which avoids CPS (an effect related to spin blockade 29 ). In order to emphasize the essential role of quantum correlations, it is interesting to compare our case with an analogue system of two independent quantum dots coupled to a fictitious third electronic reservoir. Its temperature T b adapts to the condition of no energy injection into the system 38 , cf. Eq. (9). A related geometry has been investigated for other purposes [41] [42] [43] . For simplicity, let us assume U =0 and ε = ε 1 = −ε 2 . Then, cooling occurs in the range −ε < eV < ε, see Fig. 2(d) ,
determined by the different tunneling rates of the dots. However, this is only possible due to an additional nonequilibrium condition, namely that T b ≥ T L ≥ T R , furthermore with T b depending on the voltage and level configuration [so as to satisfy Eq. (9)]. Moreover, in a realistic configuration with a well defined T b , the cooling under these conditions is possible for particular configurations only -an example is marked with dotted lines in Fig. 2(d) . In our case, CPS warrants energy conservation for every configuration. Note also by comparing Figs. 2(a) and (d) , that in the coherent case cooling is achieved for regions with ε and eV having the same sign (for |ε| < Ω e− ), something that is not possible in the uncorrelated system.
Heat engine.-As the two dots are not directly coupled, the superconductor also mediates a non-local thermoelectric effect. A charge current flows in one terminal by increasing the temperature of the other one 19 . Since CPS does not conserve charge in the normal subsystem, the response will strongly depend on the parameter regime. For instance, if τ EC = 0, the same number of electrons are injected in both leads, so no thermovoltage will develop between them. One can then think of two relevant cases, for a temperature gradient in terminal L: (i) short circuit, where L is grounded (V L = 0), and (ii) open circuit, where L is a voltage probe, i.e. a floating V L develops such that it injects heat but no charge (I L = 0).
Let us first consider the short circuit configuration. The response strongly depends on whether CPS or EC processes dominate, cf. Fig. 3 . The case with dominant EC shows a typical double quantum dot response 39 , where transport in the center of the stability diagram is dominated by interdot tunneling, cf. Fig. 3(a) . The response shows the characteristic double oscillation around the points where the number of particles of the ground state changes from |e, − ≈ |S to |o, σ, − to |e, − ≈ |00 , for increasing ε 1 = ε 2 , see Fig. 3(d) .
Differently, the case with dominant CPS shows an inverted stability diagram, where the largest oscillations occur along the condition ε 1 = −ε 2 , see Figs. 3(c,f) . There, they now involve the transitions from |σ, 0 to |e, − , and from this one to |0, σ .
Available experiments suggest that both CPS and EC contributions might be of the same order 5-7,9-11 , which gives a mixed thermoelectric effect. In this case, transitions involving the triplet states for both ε i < 0, marked as a dashed line in Fig. 3(b) , can also have a contribution.
The open circuit configuration behaves differently. As discussed above, if τ EC = 0, we have I R = I L . On the other hand, EC processes transfer electrons from one dot to the other, and therefore I R = −I L . In both cases, as we impose I L = 0, the response is zero. The optimal configuration requires that the EC and CPS contributions are finite and of the same order.
Efficiencies.-We now discuss the performance of the system as a refrigerator and as a heat engine. This is done in terms of the cooling coefficient of performance: COP = J R /P inj , and the thermoelectric efficiency: η = P gen /J R , where P inj = l I l V l and P gen are the injected and generated powers, respectively. By thermodynamic considerations, one can show that they are bounded by
For cooling, the COP gets arbitrarily close to the optimal value when only CPS contributes, as shown in Figs. 4(a),(b) , independently of the temperature gradient. A finite ∆T also increases the voltage at which the optimal performance is obtained. Note that for ∆T = 0, COP diverges. The cooling power is robust against the presence of a finite gradient and EC processes, but COP becomes lower, around 0.3COP 0 for τ EC ≈ τ CPS .
For the heat engine, one has to distinguish the open and short circuit configurations. In both cases, I L V L = 0, so power is only finite in the right terminal. Short circuiting the left terminal achieves largest generated power P gen = −P R = −I R V R , cf. Fig. 4(c) . For τ EC τ CPS , the engine works close to the Carnot efficiency, as shown in Fig. 4(d) . Both the power and efficiency are reduced with increasing τ EC , with η ≈ 0.4η
The open circuit case gives no response (or very tiny) if τ EC τ CPS , as discussed above. Interestingly though, in the presence of a strong cotunneling contribution, both the power and efficiency are better than at short circuit. Also, the highest efficiency coincides with the maximum power extraction.
Conclusions.-We have analyzed the thermoelectric properties of a Cooper pair splitter, identifying configurations where the reversed heat current from a cold to a hot reservoir with the same chemical potential is an indication of correlations mediated by Cooper pair splitting. The process also appears in the dual operation of the system as a heat engine.
This effect introduces an example of a device which utilizes quantum correlations to perform thermodynamic operations [44] [45] [46] [47] [48] . In particular, our work introduces an experimentally relevant tunable heat engine and a refrigerator driven by the injection of entangled electron pairs in which the role of quantum correlations can be tested. It is also worth to remark that high efficiencies can be reached which are robust in the presence of electron elastic cotunneling.
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